Section 13, 12/3/19

Two-Way Layout

In a two-way layout, there are two factors, each at two or more levels. Additionally, there are repeated
measurements for each factor combination.

Observations of of the kth measurement at factor A level ¢ and factor B level j as
ngk =pu+o; + ,3]‘ + (51']' + €ijk where

e . :the overall mean level

e «;:the main effects of factor A

Bj: the main effects of factor B

d;;: the interaction effects between factors

* ¢;j: normally distributed measurement error

Alternatively, we can see Yijr, ~ N(p + o5 + Bj + 945, o?) which is useful to think about when we sample from

a model.

Deducing interaction effects

Let's assume that there are no interaction, i.e. 6;; = 0 for all ¢, j. Then comparing sample means across levels,

between factors, we see that

EYy —Youl=@p+a+B1)— (p+tax+p1) =01 —ay
ElYis. —Ynl=p+a+6)—(p+az+B2) =1 —as

That is, at each factor level the difference between the two factors should be approximately the same. If we
plot the sample means across levels, parallel factor lines conform to the idea of no interactions.
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Comparing two independent samples

ex. (pg 427)
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Consider X1,..., X, ~ N(u1,0?)andYy,...,Y,, ~ N(us2,0?) are each i.i.d. sets of samples and we wish to
test the hypothesis

Hy : py = p2
Hy oy # po

We will demonstrate that the test of these two composite hypotheses is equivalent to a generalized likelihood
ratio test. Note the likelihood is

lik(ji, i, 0 cap(— 2 i
,11 vV 2mo? Zl_[ V2mo? 2 o

> X + > Y] the

Under the null, the means are equal and so the MLE of x1 and p2 are both po =

n+m

weighted average of the two sample means. The MLE of the variance meanwhile is
o2 = —=[32(X; — po) + 2 (Y — po)]

Under the alternative the MLEs for p1 and pa are simply the sample means. The MLE of the variance
meanwhile is 07 = ——[>(X; — X) + > (¥; - Y)].

If we take the ratios of the likelihoods under these two and take the log, we find the log of the likelihood ratio
to be

2
m+nlo (U—;)

2 o

And so we reject for large values of 0% /3. We can simply this numerator using algebraic tricks to find that the
test rejects for large values of

mn (X-Y)
vt (S )

Note that the variable term, apart from positive constants which are independent of the data, is the square of
a t-distribution, equivalently an f-distribution. Since we can scale by such constants arbitrarily, the likelihood
ratio test is equivalent to a ¢-distribution.
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